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Abstract

We analyze a degenerate diffusion equation with singular boundary data, mod-
eling the evolution of a polygenic trait under selection and drift. The equation
models the contributions of a large but finite number of loci (genes) to the trait
and at the same time allows the population trait mean to vary in a way that af-
fects the strength of selection at individual loci; in this respect it differs from other
population-genetic models that have been rigorously analyzed. We present exis-
tence, uniqueness and stability results for solutions of the system. We also prove
that the genetic variance in the system tends to zero in the long time limit, and
relate the dynamics of the trait mean to the variance.

1 Introduction

In population genetics one frequently encounters diffusive partial differential equations
of the form

ot =—(M¢)y + 3(VP)aa. (1

Here 2 € (0, 1) denotes the frequency of a given allele at a locus (gene), ¢ denotes
time, and ¢(x, t) is a distribution indicating how many loci have allele frequency « at
time ¢. The coefficients M (x,t) and V (x,t) are respectively the mean and variance of
the change in allele frequency over one generation at a locus with frequency z at time
t [8, Chapter 4], [5, chapter 8]. Equations such as (1) are typically posed with initial
data but without boundary conditions.

Here we consider a model for a quantitative trait, i.e,. a continuous random variable
whose value in an individual is generally determined by contributions from numerous
loci (quantitative trait loci, or QTL) as well as non-genetic factors. (Examples of quan-
titative traits include the height of a human or oil content of a corn plant.) In the context
of a quantitative trait, the interpretation of ¢ in equation (1) is constrained. In general,
¢ can be viewed in two ways; either as a distribution of allele frequencies at a single lo-
cus in many populations, or at many loci in one population. However, for QTL models
only the latter interpretation is valid.

Our model describes the evolution of a single panmictic population of fixed size N,
where n diallelic loci (we refer to the alleles as 4+ and —) contribute strictly additively



to a single trait under selection. This is a mesoscale model in that it explicitly includes
a (large) finite number of loci with finite effect, but does not retain all the information
necessary to track allele frequencies at specific individual loci. Important limitations of
the model are, first, that all loci are assumed to be in linkage equilibrium, and second,
that mating is assumed to be random. In exchange for these simplifications, however,
the model allows the population trait mean to vary in a way that affects the nature of
selection on the trait. This extends previous work on diffusive PDE models of quantita-
tive traits, which did not consider feedback of a changing trait mean on fitness functions
[12].

In the classical models of population genetics [5, 14], the strength of selection at a
locus is assumed to be independent of ¢, and as a consequence, both M and V', though
proportional to z(1 — x), are also independent of ¢. This process yields a linear,
degenerate parabolic equation. In the more flexible model we present, M depends (via
a fitness function to be defined below) on the population trait mean R(t), which is a
nonlocal function summing contributions from all loci. We then obtain the problem

¢r = _(M¢)w + %(V(b)a:a:a (2a)
M = kx(1 - 2)(p - R(1)), (2b)
V=2x(l-ua), (2¢)

1
R= [ [ = 3ot det Rofe) + Bafo)] )

0
0=—3(Vo)a| _o» (2e)
1 =-1Ve)a| (2f)
o(,t) = ¢o. g

Here « represents the strength of selection, and p is the optimal trait value. Further,
Ry and R; represent contributions to the trait mean from loci at which the + allele
has become either fixed (x = 1) or lost (x = 0), while the integral in (2d) represents
contributions from loci at which the + and — alleles are segregating. Because M
depends on R(t), we obtain a nonlinear, nonlocal equation, and because M and V
remain proportional to z(1 — x), the problem remains degenerate. Moreover, we note
that the problem as posed has no boundary conditions at x = 0 or z = 1; rather R(t)
and hence the coefficient M depend on the value of the boundary terms (V¢), ’w:O
and (Vo) |l_:1, where the equation degenerates.

Our first main result is the existence, uniqueness, and stability of solutions to a
generalization to (2) where (2b) and (2c) are replaced by

M = z(1 — z)m(x,t, R(t)) (2b*)
V =21 —z)v(z,t, R(t)) (2¢c*)

with some weak hypotheses on m and v.
Our second main result is an analysis of the behavior of the trait mean R(¢) and
(scaled) genetic variance

1
S2%(t) = /0 z(1 —z)p(x,t) do



as t — oo for the original problem (2). In particular, we show that S?(t) — 0 as
t — oo in a weak sense, and that S%(t) = O(e~°t) for some ¢ > 0 provided the initial
trait mean R(0) is close to the optimum trait mean p. We also show that

R(t) — p = (R(0) — p) exp/o —k S2(7) dr.

implying that R(¢) tends monotonically towards p, and if the initial trait mean R(0) is
close to the optimum trait mean p that

|R(t) — p| > |R(0) — p|exp[yS*(0) (e —1)]

for some ¢,y > 0, implying that the larger the intitial genetic variance, the closer the
trait mean can come to the optimum.

In another work [16], we have used formal asymptotics to estimate the long term
behavior of the population trait mean and total additive genetic variance, and have
investigated numerical solutions of the system. We note that the model investigated
numerically in [16] included loci of different effects, i.e. loci that varied in their con-
tributions to the trait. For simplicity, here we assume a single effect size, which we set
equal to 1/n.

In this paper, we begin with a brief derivation of our model, including a discussion
of the underlying biological assumptions. Then we present precise statements of our
existence, uniqueness, and stability results, as well as how they fit into the general
mathematical theory of degenerate parabolic equations. We then develop the theory of
a family of weighted Sobolev spaces that are the natural spaces for energy estimates for
our problem. Proofs of the existence and of the uniqueness and stability results follow.
Finally, we study the long-time asymptotic behavior of the trait mean and variance.

2 The Model

As mentioned above, we consider a panmictic population of N individuals and a trait
made up of strictly additive contributions from n diallelic, haploid loci (environmental
contributions to the trait are ignored). The additive effect of a locus, i.e. the difference
between the mean trait value of individuals carrying the + allele and that of individuals
carrying the — allele, is taken to be a constant independent of the locus; for simplicity
of notation we take that constant to be 1/n (we note, however, that biologically the
additive effect is an important parameter and our model can readily be extended to
incorporate a distribution of effect sizes; see [16]). If x;(¢) denotes the percentage of
individuals carrying the + allele at the ¢-th locus in generation ¢, then the population
trait mean is (up to an additive constant which we decree to be 0)

A =3 [n (55) + =20 (5)] - 5 2 =)

Natural selection is modeled by a relative fitness function f(R), giving the expected
number of offspring of an individual whose trait value is K. We employ a Gaussian



fitness function: )
f(R) = e rtfor)

where p is the optimal trait value. Let f;; and R4; = R + 1/(2n) (respectively, f_;
and R_; = R—1/(2n)) denote the mean fitness and the mean phenotype of individuals
with a 4+ (—) allele at locus . Then the expected proportion p; of + alleles at locus ¢
in generation ¢ + 1 must be proportional to both Nx; and f,;. Similar considerations
apply to the expected number of — alleles; it follows that

i fyi
Tifpi + (1 —xi)foi

Under weak selection and random mating, the approximation

i zi f(Ryi)
Vo mif(Rys) + (1 — i) f(R-)

is valid [16]; we will use (3) as our definition of p;. The actual number Nz; (¢ + 1) of
+ alleles at locus ¢ in generation ¢ + 1 is then a binomial random variable with mean
Np;(t) and variance Np;(t)(1 — p;(t)).

We now introduce a probability distribution ¢, such that f: o(x,t) dt is the per-
centage of loci in a single population having + allele frequencies between a and b at
time ¢. A formal diffusion approximation (carried out in [16] along the lines of, e.g.,
[8, Chapter 4]) then yields the equation

pi =

3

for ¢ on the z-interval (0, 1), with advection and diffusion coefficients M and V' given
by

_ 2l - a)(p — R(t))
B n

z(l—x)

—N

M(a,t) 5)

V(l‘ 1) = (6)
where R(t) is the population trait mean. It is important to note that M and V are
approximations of p — z and p(1 — p)/N respectively, and that the resulting PDE (4)
is expected to represent the corresponding discrete system exactly in the joint limit as
N — oo and n — oo, under the conditions that n < N and that K = O(n/N) (so
that weak selection is assumed). To complete the derivation we rescale time and the
selection coefficient x, obtaining (5) and (6).

It remains to derive an expression for R(¢) in terms of ¢. Such an expression must
include contributions to the trait mean from two types of loci: segregating loci (i.e.
those at which 0 < x < 1 strictly) and loci at which fixation of the + (x = 1) or —
(z = 0) allele has occurred. To to account for these fixed loci, R(t) must include terms
representing mass that has passed out through the boundary of the interval [0, 1]. Thus

! 1
Rit) = [ (o= 560 do-+ Raft) + Fa(1) a)



where

Ro(t) = =1 [ (V6).(0.9) ds + Ro(0 ®
R =1 [ (V)09 s+ a(0) ©

Equations (4)-(9), together with initial values for ¢, Ry and R;, complete the specifi-
cation of the model. Note that this system has no boundary conditions.
A more detailed derivation of the model is presented in [16].

3 The Main Results

Our first result is that the problem (4)-(9) has a solution, in a sense to be made precise
below.
To state the result, we first need to introduce a family of Hilbert spaces. They are

1
By = {¢ measurable on [0, 1] : / z(1 — z)?(x) do < oo}
0
with (¢, ) 5 fo z(1 — z)¢) dz,
1
- {w € Bo: [ o1~ 2)oa)? do < oc
0
with (¢, ¢) = .+ fo (1 — 2)¢|.[x(1 — 2)9], dr, and

- {w € B : /le(l —z) [z(1 — 2)p(x)]>, de < OO}

with (§,) g, = (¢,9) g, + fo (1 —2)[z(1 = 2)¢lea[r(1 — 2)Y]ae da.

The structure of the equation makes these the natural setting for the existence the-
ory. Indeed, (5) and (6) imply V = z(1 — z)v and M = z(1 — x)m for functions m
and v that are smooth in z with v > 0. Formally, if we set m = v = 1 to allow us to
ignore lower order terms and then take the inner product of the equation with ¢ in By
we obtain the energy estimate

d
7 160G Dl + 1160, Dl 5, < 260, D)l g, I6C, O 5,

while if we multiply by (1 — z)[2(1 — z)¢].. and integrate, we obtain

d
2 190D, + 100, D)l 5, < 2[l6C, O, 6C,1)llp, -

Let us now state precisely our existence theorem.



Theorem 1 Let ¢y € By be given with ¢y > 0, let Ry(0) and R1(0) be given, and let
T > 0. Let M(x,t,R) = (1 — x)m(z,t,R) and V(z,t,R) = z(1 — z)v(z,t, R)

satisfy the conditions:

(H1) The functions (z,t, R) — m(z,t, R) and (x,t, R) — v(z,r, R) are continuous
for0<x<1,t>0 —00 < R < o0;

(H2) Forany~y > 0, there exist constants C(y), C'(7y) > 0 so that forall 0 < x < 1,
allt > 0and all |R| <~

v(z,t, R) > C'(v),
] + [va] + [vaa| 4+ [m| + [mg| < C(7),
Ime|+ |vrl + |[vre| < C(7);
(H3) There are integrable functions My (t) and Mx(t) so that

sup [M(z,t, R)| < My(t) + Ma(t)|R].
0<z<1

Then there exists a function
» € C([0,T); B1) N La(0,T; B2) N C*(]0,T); L,(0,1)) N C((0,1) x [0,T))
forany 1 <p <2 forany 0 < a < % — %; and functions
Ry, Ry € CP[0,T);

forany 0 < 8 < % with the following properties.
Set

R(t):/o (x — 1Y(a.t) d + Ro(t) + Ra(t).

Then R € C*[0,T).
Further,
¢r = —(M(x,t, R())$)s + 5(V (2, t, R(£)))) 2z

as elements of L2(0,T; By) and
ltllr(I)l o(z,t) = do(x)

with the limit taken strongly in Bj.
Set

t
v t) = / (V(@.t, R(£))D)o (2, ) ds
0
Thenv € Ca([O,T);Cl_%[O, 1)) forany1 <p<2andany0 < o < % — 1. Further

Ro(t) = Ro(0

=
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There is a constant C depending only on T and initial data so that
sup |o(, )l 5, + 19l 1, 0.7:8,) < C lldoll s, »
0<t<T

¢l crrzo,1y;m0) < C 9ol 5, »
sup |lo(, )l 5, + 19l 1, 0.7:85) < C lldoll, -
0<t<T

Forall x € (0,1) we have

sup |é(z,t)| < Cmax

1 1
s QfTﬁﬂmm

11
Forany1§p<2andany0<oa<5—§

10l e t0,7):L, 0,1)) < Clloll 5, »

1l cao,1y:01-1700,11) < C ll¢0lls, -

where C also depends on p and . Further, forany 0 < 3 < 1,
[ Rollcsgo,1) + 1Rl sy < Clidollg, -

where C' also depends on 3.
Moreover, ¢ > 0, and for any 0 < t1 < to <T

1 1
/ Pz, t2) de < / o(z,t1) du.
0 0

Finally

RO < RO+ 1ol 0 [ Ma(5) ds| e ol [ Mato) 5]

and
ta 1
R(ts) — R(t1) = /t /0 M(z,t, R(t))¢ dx dt.

forany 0 <t; <to <T.

We now briefly sketch the proof. We first develop the theory of the By, B; and By
spaces, which, as we remarked above, are the natural settings for our energy estimates.
They also contain information about the boundary data; indeed 1) € B; implies that

z(1—1x)y € W5(0,1). Next we freeze the coefficients M and V' at ¢ € C([0,T); L)
and Ry, R; € C[0,T). Application of Galerkin’s method and the energy estimates

allow us to uniquely solve the problem

or = _(M¢)1 + %(V¢)wwa
¢|t:0 = ¢o.



The full problem is nonlinear and nonlocal as the coefficients M and V' depend
on R(t) = [)(z — 3)é dz + Ro(t) + Ru(t) where Ry = —1(V¢),| _, and R} =
_i(V(b)x‘m:l The energy estimates suffice to control the integral, but are inadequate
to control the boundary terms. In fact the energy estimates alone are insufficient to
even ensure the existence of (V¢),, ’z:O or (Vo), |m:1 However, the equation provides

enough additional information. Indeed, the function v(x,t) = fot (V @), ds satisfies the

relation
Gt =2 [ (M0). ds + 200(a,0) - dn(o)]

which can formally be seen by integrating the equation. We estimate the right side and
obtain enough regularity to define (0, ¢) and v(1,t), which we then use to control Ry
and R;. ~

The energy estimates depend on ¢ and Ry, R, through the quantity v = max | R(t)].
To show that the full nonlinear problem has a solution, we find a uniform bound on
max |R(t)| that is independent of v. To do so, we prove that fol ¢F(z,ty) dz <

fol d)i (z,t1) dx whenever to < t;, which is effectively a weak maximum principle.
This is done by using a regularized version of x[¢T > 0] as a test function. A fixed
point argument completes the proof.

We are also able to provide the following uniqueness and stability result.

Theorem 2 Let ¢, ¢* € C([0,T]; B1) N L2(0,T; Be) and Ry, Ry, R1, Rt € C[0,T].
Let

1 1
R(t) = / (1— 1)b(a. )+ Ro()+ Ra(t),  R*(t) = / (= 1) (2, )+ R (D) Ri (1)

and let M = M(x,t,R(t), M* = M(xz,t,R*(t), V = V(x,t,R(t)), and V* =
V(z,t, R*(t)). Suppose that

¢t = _(qu)ac + %(qu)xﬁfa (b: = _(M*¢*)x + %(V*Qb*)xxa
¢|,_o = %0 € Bu, ¢*|,_o = ¢ € B,

t el t el
R(t)—R(O):/O /0 Médrdt,  R'(t)—R (0):/0 /0 M*¢* da dt.
Then

1. If g0 = ¢ and Ro(0) — R1(0) = RE(0) — R5(0) then ¢ = ¢*.

2. There is a constant C depending only on initial data and T so that

sup / el a)( - 6 da

0<t<T

+/OT/01[x<1—x><¢—¢*>}idwdt

<c / 2(1 = )(do — &) dz + C / (2(1 - 2)(do — D)2
+ C|Ro(0) — Ry (0) — R3(0) + R;(0)[2.



In the uniqueness and stability result, we have encoded the conditions

Roft) = — /Ot(vm(o,s) ds + R (0) (11a)
Ri(t) = —i /Ot(V@x(l,S) ds + R (0) (11b)

with the requirement
R(t) - R(0) = /Ot /01 M dz ds. (12)

This is justified by (10) and Lemma 19. Formally, if we use (z — 1) as a test function,

2
we find

/Ot /01 (e = 5) duds = — /0 /01{<M¢>x<x = 3) + 3(Vo)aalz = 3)} dr ds

1 ¢ t 1 1/t
_ 1 — Z _1
/O(gc 2)¢dx0 /0 /0 Mgbdxds—i—Q/o (Vo)u(x — 5)ds .

so (formally) (11) implies (12).

To sketch the proof, we note that the structure of M and V' allows us to estimate
M — M* and V — V* in terms of R — R*. Then (12) lets us estimate R — R* in
terms of ¢ — ¢* and M — M*. Closing the circle gives us estimates for M — M*
and V — V* in terms of ¢ — ¢*, which we can then use in the equation; Gronwall’s
inequality completes the proof.

We note that a large body of work on degenerate parabolic and elliptic systems ex-
ists, mostly based either on methods adapted from the study of nondegenerate systems
or on semigroup methods (but see also [19, 20]). Classical results based on tools such
as maximum principles are surveyed for nondegenerate systems in [15] and for degen-
erate systems in [17]. Among results in this vein, we note that Ivanov [13] proved
existence in weighted Sobolev spaces to linear systems on [0, 1] with a degeneracy as
x — 07 of order 2" and a similar degeneracy as © — 1~ ; however, these results used
r < 1 strictly. Semigroup methods have the advantage of providing results in L!-based
spaces; for example, in [2] existence in L!- and other LP-based spaces is shown for
solutions of the initial value problem for u; = (a(z)u, ), — b(x)u with a singular Neu-
mann boundary condition. This and similar results (see for example [9]) are based in
linear semigroup theory and hence are not immediately applicable to the problem stud-
ied here; it would be of interest to know whether nonlinear semigroup theory would
yield analogous results.

Now we restrict our attention to our particular model; we can then prove the fol-
lowing result on the asymptotic behavior of the trait mean and total genetic variance.

Theorem 3 Suppose that V. = x(1 — x) and M = rx(1 — z)(p — R(t)), and let
S2(t) = fol x(1 — z)¢(x,t) dz. Then

e 5?2 € L1(0,00) and



¢
e R(t)—p=(Ro—p) exp/ —k S2(7) dr.
0
Further, if there is a constant 0 < § < 1 so that |Ry — p| < 0/k then
o S2(t) < 52(0)e~ =9t and

— o> R — 2 K —(1=8)t _
o R0 ol = R0 e {0 7 (e 1)}
foranyt > 0.

The key element in the proof is the expression (10), which in the particular case gener-
ates a linear differential equation for R(t) — p which can be solved. Taking the inner
product of the original equation with 1 in By and using the particular forms for M and
V, together with the expression for R(t) — p just found, completes the proof.

We note that in what follows, the symbols N and n will be used for a variety of
purposes; when this occurs it will be clear that they do not represent population size or
locus number, but are simply indices.

4 Properties of By, B, and Bs

We begin the proof by collecting the necessary theory for the spaces By, B, and Bs.
Lemma 4 C§°(0,1) is dense in By.

This follows immediately from the fact that if ¢ € By then the cutoff functions
®X[a<w<p) arein Lo(0,1) forany 0 < a < b < 1.
Lemma5 If ¢ € By, then x(1 — 2)¢ € W1(0,1). Further ¢ has a continuous
representative with (1 — )¢ € C'/2[0,1] so that

1/2

a1 = 2)g(a1) — a1 — 22) ()| < s — 1]/ ( [ = sjota d:c)

Proof: Let ¢ € By; clearly x(1 —x)¢ € W4(0,1). We claim that for all € > 0 and
for all y > 0, there exists k > 0 so that k£ < y and

meas{z € (0,k) : |z(1 — x)p(x)| > €} < <k.

Wl =

Indeed, for any 0 < k < 1/2 and any 6 > 0, we have

k

k
/ (1 — 2)¢?*(x) dz > %52/ xx[|¢] > ] du.
0 0

If E is a measurable set, and f(z) is measurable, bounded, nonnegative, and nonde-

creasing, them
1 meas F
| t@nedez [ @) do
0 0

10



Indeed, this clearly holds if E' is an open interval; induction then shows it holds for any
countable union of open intervals and hence for any open set. Because it holds for any
open set, it must hold for any measurable set. As a consequence

k meas (o, [16]29] 52 2
/ (1 — 2)¢*(x) dz > %(52/ xdx > — | meas|¢| > d] | .
0 0 4 \ (0,k)

Choose k so small that fok 2(1 — x)¢*(z) dv < €2/36, and set § = €/k. Then

€ k
r(rlo?%S[Iqﬁ\ >e/k] < 3k 3
Because

{z € (0,k): |2(1 —2)d(z)] = e} C{z € (0,k) : [¢(x)| = e/k}

the claim follows.
Let € > 0, and use the claim to choose k£ < 1 so that

62

k< ——— (13)
64 [1¢]3,

and
meas{z € (0,k) : |z(1 — z)p(z)| > £} < £.

Let A = {z € (0,k) : [z(1 — 2)¢(x)| < {}; then meas A > 2k/3. Choose ¢ €
C'0,1] so that
I = 2(1 = 2)lly; < geVk. (14)

Letz € (0,k) and y € A. Then
vle) =)+ [ v'Gs)ds
y

Integrating in y over A, and integrating in x over (0, k), we find that

(meas A) /Okz/J(ac) d:c:k/Aw(y) dy—l—/A/Ok /:1//(8) ds dx dy.

so that Holder’s inequality implies

/Okll)(:c) dz| < \/ﬁ (/A () [* d‘”>1/2 R </ok W@ dzv)

Now let z € (0,1). Then

1/2

(0) = (x) - /0 "y (y) dy

11



so that if we integrate in x over (0, k), we see that

/Okw) da /Ok /O () dy du

<= ( J dx)m +2vk ( / P dx>

1 1
[¥(0)] < T + T

1/2

Thus

1 1/2
[¥(0)] < \/ﬁ { (/A lz(1 — m)¢(5‘7)|2 dw) + 1Y —2(1 - 33)¢|L2(0,k)}
+ 2V {21 = )Ly 0 + 118 = 21 = 2)lel L)} -
Now using (13), (14), and the definition of A, we determine that

B0 < ——— {(16 measA>”2 s gﬁ} vkt SR

Then because £ < 1 and k& < % meas A, we see that

O] <5+ 6/3+5+5<e

A similar argument shows that |(1)| <.
Thus, for all € > 0, we can find a function ) € C1[0, 1] so that [¢/(0)], [2(1)| < €

and [|¢) — 2(1 — x)¢||yyy < €, proving that z(1 — x) € wi(0,1)
The rest follows from the usual Sobolev embedding results [6, IX.8]. B

Corollary 6 Let ¢ € By. Then

sup (1 - 2)¢%(x) < 2 / [w(1 — )2 dy

z€[0,1]

while for any 0 < x < 1

ota)] < 2 (=) ol

Further, for any 1 < p < 2, there exists a constant C = C(p) so that
el < Cliéls, -

Proof: These follow by applying the previous with 1 = x and 25 = 0 if & < 1/2
whilezg =1ifz > 1/2. B

Lemma 7 C§°(0,1) is dense in By.

12



Proof: Let ¢ € By, and let ¢ > 0. Then x(1 — x)¢(z) € W1(0,1). Choose

Y € C5°(0,1) so that ’1/; —z(l— x)¢HW1 < 7 and set ¢ = ﬁzﬁ Because
2

v
Y € C5°(0,1), we see that ¢ € By, and hence by Corollary 6

sup 2(1— 2)[é— Y <2 / (2(1— 2)(6 — )2 do.

0<z<1
Thus )
I — ¢35, < 3/O [ — 2(1 — x)¢)? dz < €

as required. l
[e]

Now suppose that ¢ € Bj. Then clearly (1 — z)¢(z) € W5(0,1) N W3,,.(0,1)
[6, IX.8] so that ¢ € C-/%(0,1). Let

loc

(z—1)y >y

be the Green'’s function for the problem ¢" = 0, ¥(0) = ¢(1) = 0 [4, Chp. 7]. Then

1 1
o(x) = m/o G2, y)[y(1 = y)9lyy dy. (15)

Indeed, letting () denote the integral on the right, we see that

1) < ( [a-o dy> v ( =t - e, dy> v
¥ ( / —y) dy)m ( / Y- D - el dy)m
<D (s L) ([ vt - - v, dy>1/2

and

()] < ( [ dy)m ( [ a= s, dy)m
+ (/: i—y dy) v (/: y(1—y) (1 —y)el7, dy)
< Kln N ) 1/2] ([ v - - e, )

while I (x) = [2(1 — )4y for 0 < x < 1. Since I(0) = 0 = [z(1 — a:)qSHw:O and
I(1)=0= [$(1—$)¢]|I:1’ a simple uniqueness argument implies I(z) = z(1—x)¢,
giving us (15).

1/2

1/2
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Lemma 8 Let ¢ € By. Then ¢ € 03)5.2(0, 1), and
1 1
/ (1 —z)p? de < 2/ z(1 —2)[z(1 — z)¢]2, d
0 0
1 1
[ett-o02 <8 [ ot - o)1 - 2)o, do
0 0

This follows immediately from our estimates of I(x) and I’(z) above.
Lemma 9 C°(0, 1] is dense in Bs.

Proof: Let ¢ € Ba, and let € > 0. Since v/z(1 — x)[x(1 — )¢|zz € L2(0,1), we
can choose g € C§5°(0, 1) so that Hg — V(1= 2)[z(1 — 2)d|zs < €/(1+3v2).
2
Set

1 1
1@) = 557 [ Glna) dy

T 1
=1 | wtav+ = [ a=vew

Clearly f € C*°[0, 1] because g vanishes near z = 0 and = = 1; then applying Lemma
8, we see that

1/2

1 = llp, < (V24 1) ( [ #t- et -0 - o2, dx) <e

|
Remark: Because of the density of C*°[0, 1] in Bz and of C§°[0, 1] in By then we
can justify the following integration by parts

/ (1 —2)plx(1 — )] 4e dx = —/ [2(1 = 2)¢s[z(1 — 2)¢], dx.
0 0

for any ¢ € B; and ¢ € Bj, which we use repeatedly in what follows.

Remark: 1t is easy to check that the monomials f(z) = 2P are elements of By if
p > —1, elements of By if p > —1/2, and elements of By if p > 0. This suggests that
it might be possible to generalize Lemma 3, and if ¢ € B, then [z(1 — z)¢], — 0 as
x | Oorxz T 1. However, this is not the case Indeed, let ¢ € C'*°[0, 1] be a smooth
cutoff function with {(z) = 1 for z € [0, 1], and ((z) = 0 for z € [,1]. Then for
0 < p < 1/2, the function

¢(x)
z(1—x)

is an element of By, butlim, o [z(1—2) f(2)], = +o0. Here '(a,z) = [ t* le tdt
is the incomplete gamma function [1, §6.5.3]

fz) = I'p+1,—Ilnx).
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Lemma 10 The embeddings By — By and By — L,(0,1) for1 < p < 2 are
compact.

Proof: Let {¢,};2; be a sequence in By with [|¢,| 5 < C. The set {z(1 —
x)¢n }52; is equicontinuous and equibounded (Lemma 5), so modulo a subsequence,
we see that

2(1 = 2)n, (2) — (1 — 2)¢(x)
uniformly on [0, 1]. Because B; is a Hilbert space, ¢,,, — ¢ weakly in 1, modulo a
second subsequence; as a consequence, |||z, < C.

. 2
To prove that By < By is compact, let € > 0, let 0 < 6 < 577z, and choose N so

large that
€

lz(1 — 2)¢n, (x) — (1 — 2)P(2)] < ———xxs
4In(} —1)

for all n; > NN and for all x. Then
9 § ) 1-6 )
60, = s, = [ o0 =a)0n, = 0P dot [ o1 =)o, — 0 da
0

1
— X , — 2 X.
+ / (1~ )(n, — 0 d

-4

Use Corollary 6 to estimate the first and last term; then for n; > N

1-6
2 2 2 9 dx
| fn, — ¢HBO <49 [4 ||¢>nj||B1 +4||¢||Bl} +/§ [2(1 —2)(¢n; — @) (-2
2 1-6
1 1
< 326C? 67/ = dz < €.
= T, \GTima) e
Thus ¢,, — ¢ in By.
To prove that By is compact in L, (0, 1), lete > 0, let 0 < § < 1 satisfy
_ 2/(2—-p)
0 < 2-p €eP
8(4C)P
and for 1 < p < 2, choose NN so large that
p— 1 1 1/p
o0 2)0n, () — a1 = a)oo)| < ¢ (g0 (16)
while for p = 1 choose IV so large that
€
1-— ns () — 2(1 — < — 17
1= 2)6, ()~ (1 = 29| < s a7
for all n; > N and for all 2. Corollary 6 and the definition of § then shows
s 1
4(4C)p P
/ |¢n1 _ ¢|p dx—i—/ |¢nJ _ (b‘P dx < uél—pm < i.
0 1-5 2-p 2

15



On the other hand if 1 < p < 2 we can use (16) to find that

1-6 1-6
dz eP
P p—1c.p <
/6 |bn; (2) = d(2) [P da < 2p+25 /5 (1 —2)p =2

while if p = 1 we use (17) to obtain

/51_6|¢nj<x>— e ”d“M/;_é(i*lix) dr<

Hence qunj — q’)Hip < e and ¢, — ¢in L,(0,1).

Lemma 11 There exists an nondecreasing sequence of nonnegative eigenvalues \, —
oo and eigenfunctions ¢, € B so that —[x(1 — x)¢g]” = Aiodk. Further, the set
{px}32, is an orthonormal basis for By, and forms a basis for Bj.

Proof (sketch): This result can be proven using standard techniques c.f. [7, §6.5]
or [11, §8.12]. Indeed, for ¢ € Bj, consider the Rayleigh quotient
fo (1 —x)¢(z))2 do

1

Jo x(1 —2)¢? dw

Then A; = inf{J(¢) : ¢ € By1}. We can choose a minimizing sequence 1, € B,
¢kl 5, = 1, J(¥r) | A1 and use the compactness By — By to show that there is a
function ¢ so that ¢, — ¢ in By and ¢, — ¢; weakly in B;. Then J(¢1) = \;
and —[z(1 — 2)é1]"” = A\1¢1, so @1 € By. Subsequent eigenvectors and eigenvalues
are found inductively, with \; = inf{.J(¢) : ¢ € B1,(}, ¢m)p, = 0,for 1 <m < j}.
If A\,, < C for all n, we can use the fact that ||gi>n|ﬁ5>1 =1+ A, to find a subsequence
n; and a function ¢ € By with ¢,; — ¢ in Bg and ¢,,; — ¢ weakly in B;. However
|om — ¢n||230 = 2 for any eigenfunctions ¢,, and ¢,, so A, — oc. Completeness in
By follows in the usual way. Indeed, if ¢) € By lety,, = ¥ — Z:L 1 (¥, d5) , ;- Then

J(¥n) = At 50 that Mgy [Unll3, < f) [2(1 — 2)9,])2 do < [ Je(1 — xm]

so that ¢,, — 0in By. If ¢ € By \ B; we use the fact that C§°[0, 1] C B;is dense

in By. Finally, to show that the eigenfunctions are dense in B, it is sufficient to note

that (¢, ¢r) g, = (L + M) (¢, ¢x)p, for any ¢ € B and any eigenfunction ¢y If

¢ € B; was orthogonal in B; to every eigenfunction, then ¢ would be orthogonal to

every eigenfunction in By which we have already shown to be impossible. l.
Remark: The eigenfunctions are polynomials, and the eigenvalues and eigenfunc-

tions can be explicitly computed; in fact A,, = 2+ n(n + 3) and the eigenfunctions ¢,

J(¢9) =

are proportional to e (2z — 1) where P (z) are Gegenbauer polynomials [1,
§22].
S The approximating problems

As we noted, our problem is nonlinear and nonlocal because the coefficients M and
V depend depend on the solution ¢ through R(t fo z— )¢ dr+ Ro(t) + Ri(t)
where R, = (V¢), |I:0 and R} = (V¢), |I:1 (1n a suitable weak sense).

16



We begin by letting T' > 0, and choosing
¢ € C([0,T); L1(0,1)),
é07 Rl S C[O, T)
We then define

1 ~ ~
R(t):/o (z = 3) d(z,t) do + Ro(t) + Ry (t)

and consider the approximating problem

¢ = —(M(2,t, R(t)p(x, 1))z + 5(V (2, t, R(£)) (2, 1))
¢|,_y = bo(x).

The smoothness of gz~5, ]:20, and Rl imply that there is a constant y so that
[R(t) <~ (18)
on [0, 7). It also implies that the functions

t— M(x,t, R(t)) (19)

ts Via,t, R(t)) (20)

are continuous. R
Throughout this section we will use the notation M = M(x,t, R(t)) and V =
V(z,t,R(t)).

Proposition 12 Let T' > 0, and suppose that ||¢o || g, < 0. Then there exists a unique
Sunction ¢ € C([0,T); Bo) N L2(0,T; By) so that

¢pr=—(M¢)y+ 3(Vd)ow  weakly (1)
¢l,_y = do(x). (22)

Moreover

1 T 1
sup / 2(1 - 2)¢? da + / / w1 = 2)d2 dedt < Cllgoll,  (23)

0<t<T

where C' depends only on v and T.
Further, if ||¢o|l g, < oo, then ¢ € C([0,T); B1) N La(0,T; B2) and

1 T 1
sup / (2(1— 2)¢]2 do + / / (1 o)1 - 2)g]2, dudt < C |dols, 24)

0<t<T

where again C' depends only on v and T.

17



Remark: No boundary conditions are being applied to the problem, save through
the requirement that ¢ € Ly (0,T; By).

Proof (sketch): This follows the usual Galerkin procedure. Indeed, suppose that
[¢oll g, < oo and let {¢; } be the orthonormal basis of By constructed previously. De-

fine o™ (2, t) = SO0 N ()¢ () where the coefficients Y (¢) are chosen to satisfy

1 B) N
/0 x(l—x)%@ dx

—/O (M¢™N)z(1 — x)¢; dz

L (25)
~5 [ 06— a6, do
e (0) = (¢o(-), ¢5) g, (26)

foreach 1 < 5 < N. Continuity of the coefficients ensures that this system of ordinary
differential equations has a solution. Multiplying by ¢, summing over 7, and strongly
using the fact that m(z, t, R(t)) and v(x, t, R(t)) are smooth in z and can be estimated
solely in terms of -y, we obtain

d 1 1
|, z(1—x)(o™)? da + /0 [z(1 — z)pN]? dx

< 0/0 (1 — 2)[2(6™)2 do < c/o 2(1 — 2)(6™)? do

for each ¢, where C depends only on . Gronwall’s inequality then gives us (23), at
least for @™

The existence, uniqueness, and continuity of ¢ with values in By then follows by
standard methods; see [15, Chp. III, §4].

If we now assume that ||| 5, < oo, then multiplying (25) by )\jcév and summing,
we find that

1 N 1
/0 x(lx)af,i[x(lm)gf)N}mdx/o (MngN)Ix(lfx)[x(lfx)(,zSN]mdx

+ %/O (VoM )paz(l — o)zl — 2)¢V ], da.

Integrating by parts in the first term and using the fact that m(x, ¢, R(¢)) and v(z, t, R(t))
are smooth in x, we obtain

1 1
5 [0 2 dos [ o - o0 - 06 R, do
at J, 0
1 1
<C [ [z —-2)¢NPde+C | 2(1—2z)(¢")* da.
0 0

and so Gronwall’s inequality gives us (24), at least for ¢~. The usual techniques for
passage to the limit give us our result. l

The following is a simple consequence of the existence theorem and the properties
of the spaces B; and Bs.
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Corollary 13 2(1 — 2) € C(10,T); CY/2[0,1]), 6 € Cioe((0,1) x [0,T)), and ¢ €
Lo(0,T; By). Further, there is a constant C depending only on v and T so that

sup |o(x,t)] < C'max

I el

and for any 1 < p < 2 there is a constant C depending only on ~, T and p so that

sup [l6( DIz, 0.1y < C I doll, -
0<t<T

Indeed, this follows from Lemma 5, Corollary 6, and the equation itself.
We need to understand the behavior of the solution near +t = 0 and x = 1; in
particular to interpret (8)-(9) even weakly, we need to be able to estimate (V¢),, ’x:O

and (Vo). ’ - However the regularity theory developed thus far is insufficient to
show that these quantities exist, even in the sense of traces. In particular, we know that
there exist functions f € By so that [z(1 — z) f], is infinite when & = 0. Fortunately,
the equation will provide just enough additional information to allow us to interpret
(Vp)y whenz =0and x = 1.

To do so, we begin by obtaining precise quantitative bounds on the regularity of the
solution in time.

Lemma 14 Let ¢ be the solution of Proposition 12. Then ¢ € CY/2([0,T); By) and
there is a constant C = C(~,T) so that

Ip(-,ta) — &, t1)ll g, < Clta — t1]"? (|0l 5,
forany 0 <t; <ty <T.

Proof: Since ¢ € C([0,T); By) and ¢; € L2(0,T; By), we know that

| s1-a)iotata)—ow tlvds = [ [ {-(M6)+5VO) o1 )bt
0 t1 0

forany ¢ € By and any 0 < t; < to < T. Setting ¢(z) = [¢(z,t2) — ¢(x,t1)] and
using (23) and (24), we find

ot = ol < ([ [ a1 =162 a0 #)"
' </tt 2 /o1 2(1 = )[¢(x,t2) = @l ta))* da dt) v

([ [ watr- 0 a dt)w
' (/ /ol[x“ — 2)(9(w,12) — élx,0))]2 do dt)

2
< Clta — ta] [|#oll 5, -

1/2
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Lemma 15 Let ¢ be the solution of Proposition 12. Then ¢ € C*([0,T'); L) for any
1<p<2 andany( < a < % — % Further, there is a constant C = C(~, T, a, p) so
that

(- t2) — (1)l < Clta — t1]* [0l g,
forall0 <t; <ty <T.

Proof: Let 0 < o < & — g, and let 0 <ty <ty <T.

1/2
/ |p(z,t2) — Pz, t1)|P dx
0

<C sup |z(1—2)¢(x,ts) + x(1 — z)>(x, tp)[P(12)/2
0<z<1/2

1/2
’ / |p(x,t2) — ¢($,t1)|2p°‘x*1’(1*2&)/2 da.
0

Apply Corollary 13 to the first factor and Holder’s inequality to the second to find that
1/2
| 106et2) = (o) e
0

(1-2a) 2pa V2 e o
< C GolB172) (-, £2) — (-, 11|22 / i T

Our conditions on « guarantee that the last integral converges. Repeating the process
on the interval [%, 1] and using Lemma 14 gives us the result. B
Define the auxiliary function

v(z,t) :/0 (V§)z(z,s) ds. 27

Then there exists a constant C' = C(~, T') so that

e

sup {||V('at)|L2(0,1) + } <cC ||¢0||Bl :

0<t<T L2(0,1)
Indeed, we know ¢ € C([0,T); By) and t — V (x,t) is continuous, so vy = (V) =
(vz(1l — x)¢),, while the estimate follows from (24).

The following Lemma is the key to interpreting (V' ¢),, on the boundary z = 0 or
x = 1. It strongly uses the fact that ¢ solves the equation (21).

Lemma 16 Let ¢ be the solution of Proposition 12, and let v be given by (27). Then
Sorany 1 < p < 2, there exists a constant C = C(~, T, p) so that

ov
%('J)

sup
0<t<T

< Cll¢ollg, -

L,(0,1)
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11
Further, for any 0 < o < >3

v o
& e o(0.7)L,)

and there is a constant C = C(v, T, «, p) so that

ov ov
Hax("tQ) — %('ﬂfl)

< Cltz — t1]* [|dol| , -
LP

Proof: Because ¢, € L2(0,T; By), and ¢ € C([0,T); B1) we see that

ont) — on(e) = [ (~(010). + §(Vo)ou) ds

as elements of By. Thus

v t t
Seet) = [[(Voh(es) ds =2 [ (M6)o(o.5) ds+ 206(a.1) = (o)L

Then
ov
oo
However
1 t P t pl p/2
/ (/ (Md))x(x,s)ds) de(/ / (Mqﬁ)idmds) tip/2
0 0 o Jo
1

p/2
<t (ess sup/ [mz(1 — z)¢]> dm) < Cllooll’s,
0

0<s<t

P

1 t p
<o [ ([ 010w ds) do+Clot.oll, +Clanlt,
0 0

Ly

so that v, € L,(0,1) forany 1 < p < 2. Further,

LS 0/01 (/j(Mgﬁ)w(x,s) ds)p do

+C (- t2) — (- )l -

v ov
|5t = S

Estimating the first term in the same fashion, we see that

p

ov ov
|Gt = S

< Clta —talll¢oll’s, + Clta —t1|*? lldoll’p,
Lp

and since o < 1% -1c< :zl)’ the result follows. B

As a consequence of this lemma and the Sobolev embedding W} (0, 1) — C~1/7[0, 1],
we have the following.
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Lemma 17 Let ¢ be the solution of Proposition 12, and let v be defined by (27). Then

11
forany1§p<2andany0<oz<5—§

v e C([0,7):0* 70, 1]).
There is a constant C depending only on v and T so that

sup - sup |v(z,t)| < Clidol g,
0<t<T z€]0,1]

and
|v(z2,t2) — v(z1,t1)| < C {|t2 — ]+ |z — a:1|171/p} [oll 5,

Further, both v(0,t) and v(1,t) are defined for 0 < t < T and there is a constant
C =C(v,T) so that

sup {|v(0,8)] + [v(1,8)[} < C'llgollp, -
0<t<T
Finally, for any 0 < 3 < 1, both v(0,t) € CP[0,T) and v(1,t) € CP[0,T) and there
is a constant C = C(v,T, ) so that
(0,t2) — v(0,t1)| < Clta — t1]” [0l ,
v(L,ta) —v(1,t1)| < Clta — t1]” |0l 5,
forany 0 <t; <ty <T.

Up to this point, all of our estimates have depended on ~ from (18). Now we turn
to estimates that are independent of v. We begin with the following weak maximum
principle.

Proposition 18 Let ¢ be the solution of Proposition 12. Then forany 0 < t; <ty <T

1 1
[ owtdrs [ o de
0 0

Proof: Lete > 0,1et 0 < a < b < 1, and assume that ¢; > 0. Consider
+
PR
z(1—xz)p* + ¢

Clearly ¢ € L2(0,T; By) as ||w|\%2(07T;BO) <2 ||¢H12(O,T;BO). Let ¢,, be smooth
functions with ¢, — X{a,5]x[t,,to]- Take the inner product of the equation with ¥, in
By, integrate in time, and send n — oo to see that

/ /¢ )(i dz dt

// Mo*), yi_)qb)fj:_edxdt

/ / (V$)aa — ;fi dz dt. (28)

P =
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Because

x + 0
tim = a{qﬁi—eln(x(lfx)qﬁiJre)},

we have

[ [ ot

:/ab{¢i_M1n(x(1—x)¢i+e)} dx

where we have used the fact that the last integrand is an element of C#([0,T'); L) for
any 0 < 3 < 1/2 (Lemma 15). Send € | 0 to find

131%1/ /¢ d}fj da dt:/:qsi(x,t)dx

The middle term in (28) is estimated simply; indeed, because

ta

)

t1

(29)

ta
t1

H (M(bi)IHLl(o,T;Ll(o,l))

T
< / / |m[z(1 - )¢t + mez(l — x)(bi‘ dx dt
o Jo
< Cloll 1,078

and because
(1 —z)o*
(1l —xz)p* +€ —

we can use dominated convergence to find

13%1[1 / (M¢F), “{7 )(;i+ do dt = /t / (M¢F), dzdt.  (30)

To estimate the last term, we note that V' is smooth in = while ¢ € L2(0,T; By) —
Ly(0,T; 03/2(0 1)) so that we can integrate by parts and find

loc

/tj2/a (V) 1_ )¢)fi dx dt

2 (1 —z)o*
:I:/t1 (V¢)m—x(1—x)¢i+edt

/tt /:(wﬁt)gg(6[“””(_193”g)(w””2 da dt.

0<
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There exists a constant C' depending only on -y so that

/tZ/ (Vo). Gf_x)qb)fﬂ) dx dt

to 147$ ¢i]
/ / (ml—w(/)i—&—e)Qd @ dt

+/ /b Exlffzgx(lx)) e g ar
|

b +
[[z(1 —2)¢~]s
= //m(l—x&%dxdt
so that

e —

t ¢i . r=b
<+ an—
N ji( én) z(1— ) ¢n +e t
1*x¢ﬂ|
—|—C€/ / 1—33¢n d dt. (31)

Now we wish to pass to the limit as € | 0. To handle the first term, we note that ¢ €
C([0,T); By),so V¢ € C([0,T); WJ), and thus V¢* € C([0,T); W3). As a conse-
quence (V¢F), = (Vo). x[¢pT > 0] is well-defined as an element of C ([0, T); Lz).

However, this, by itself, is insufficient to define (V¢*), for any particular x, as we
need. On the other hand, because ¢ € Ly(0,T; By) — L2(0,T; Ofo/f( 1)), the func-

tion +(V ), x[¢F > 0] is defined for all x as an element of LQ(O T). This lets us use
dominated convergence in the first term, and find

z=b
tim [ (Vo) 21— 2)¢*

s dt
elo Jy, z(l —z)pt + ¢

t1

—p t
— [t > e

r=a

For the second, we note that, because 0 < m < landbecause ¢ € Ly(0,T; Bs),
we can apply dominated convergence to see that

lim /me(l—xmi]m\dxdt:O.

€l0
Thus
lim tQ/ (V) »* d:c dt
elo o(1—2)p* + e
to z=b
< /t +(Vo)uxlo™ >01dt| . (32)
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Combining (28), (29), (30) and (32) we find that, for any 0 < a < b < 1 and any
0<ti<to<T

b t=t
/ T dx
e t=t
Next, we would like to send a | 0 and b T 1. Because ¢ € CP([0,T); Ly) for any
0 < 8 < 1/2, dominated convergence implies

r=b

ti1 b t
+ +
< /t1 /a (M¢™), da dt + /tl (Vo)axlp™ > 0] dt (33)

r=a

b 1
limlim/ oF (z,t) dx:/ oz, t)F do (34)
0

bTl al0 J,

forany0 <t < T.

For the second term of (33) we start with the fact that ¢ € C(
continuity of M (z,t, R(t)) in time implies M¢ € C([0,T); W
Me¢* € C([0,T); W4(0,1)). Thus

ta b ta 1
lim lim / / (M¢*), de dt = / / (M¢*), dz dt.
b7l alO t a t 0

For each fixed t, we know M¢ = maz(1 — )¢, so (M)(-,t) € Wi(0,1) and thus
(M¢*)(-,t) € W1(0,1). Consequently for each ¢

[0,T); By), so the
(0,1)) and hence

1
/ (M¢*), dx = 0. (35)
0

Though the embedding ¢ € L2(0,T; B2) < Lo(0,T; 03/2(0 1)) is sufficient to

loc
define =(V¢),x[¢T > 0] for all , it is not sufficient to ensure its continuity in x.

Despite this, we can still find sequences an | 0and b, T 1 on which we can bound
limy, oo f (V@) x[oF > 0] dt\** " . Indeed for fixed ¢; and t,, define

@) = [V a

Because V' > 0, we see that y*(x) > 0 for all z. Now pu* € W} (0,1); indeed
||NiHW21(o,1) <cC ||¢HL2(0,T;Bl)' Thus

1t (z) = / L (V)ax[6* > 0] dt

t1

for almost every z. Further, Sobolev embedding implies u*= € C'/2[0, 1]. and p*(0) =
p*(1) = 0; indeed Corollary 6 implies

pE () = / ’ va(l — x)¢T dt

ty
1

11—z

)

< Cz(1 — ) max ( ) 101l £ 0,7;8,) -

-
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Now we claim that for every § > 0, both

meas{z € (0,6) : pF(2) >0} > 0and (36a)
meas{z € (1 —6,1) : pE(z) < 0} > 0. (36b)

Indeed, if the first does not hold, then there exists some é > 0 so that ,uf < 0 for
almost every € (0, ). Then

p*(x) = /Ox 1 (y) dy <0

on (0, §), which contradicts the fact that % () > 0. The second claim follows simi-
larly.
As a consequence, we can find sequences a,, | 0 and b,, T 1 so that

>0 (37a)

T=an

i/7wmm&>m

t1

<0. (37b)

z=by,

£ [T Wodst > 0

t1

If we then pass to the limit in (33) along the sequences a,, | 0 and b,, T 1 and apply
(34), (35) and (37), we see that

1
/ ¢F (z,t) da
0

at least if ¢; > 0. The result for t; = 0 follows from this and the continuity ¢ €
CP([0,T); Ly) for0 < B < 1/2. W
Based on (8)-(9), we make the definition

t=ts
<0

t=t1

Ro(t) = Ro(0) — iu(o,t) and  Ri(t) = Ry(0) — iy(l,t). (38)

We can then define

R(t) = /0 (x — 1Y(a.t) d + Ro(t) + Ra(t). (39)

Lemma 19 Let ¢ be the solution of Proposition 12. Then for any 0 < t1 <ty <T

to 1
R(ts) — R(t:) = /t /0 Mé dz dt.

Proof: Our equation is satisfied in Ly (0,7T; Bg) < L2(0,T; L2 10c(0, 1)), so for
any0<a<b<l

/ / )by d dt = /tt /ab(ré)(Mgb)m dx dt
/ / YV @) e da dt.
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Now ¢ € C?([0,T); L1(0,1)) forany 0 < 3 < 1/2, so that

1
. . _ l
lblTrrl1 Bﬁ)l/ / )¢y da dt = /0 (x —5)p(x,t) do

For the second term, because ¢ € C([0,T); B1) we know M¢ € C([0,T); W1(0,1)).
We can then pass to the limit and integrate by parts to find

t=to

(40)

t=t1

ta
— lim lim / - dx dt

b11 al0
to 1

// Ldrdt = //Mgbdxdt. 1)
t1 0

For the last term, we start by noting that

to b
/ / YV @) e dx dt = / (x — %)[Vx(iv,tz) — v (x,t1)] du.
tl a
Now forany 1 < p < 2andany 0 < @ < 1/p—1/2wehave v, € C*([0,T); L,(0, 1))
and v € C*([0,T); C'~1/?[0,1]), so an integration by parts gives us
to 1
lim lim / YV ) gy do dt = / [v(x,t2) —v(x,t1)] dx
0

b1 al0
+ 31, t2) — v(1,t1)] + 2[v(0,t2) — v(0,¢1)].

Now ¢ € C([0,T); B1),so V¢ € C([0,T); V?/%(O, 1)) and hence

/Ol[u(x,tg) — vz, ty)] dz = /tt /Ol(Vd))x d dt = 0.

Thus

to
lim lim / YV @) e dx dt
bT1 al0

= %[ (1, t2) = v(1,t1)] + 5[v(0,t2) — v(0,11)]
= —2(R1(t2) — Ru(t1)) — 2(Ro(t2) — Ro(t1)). (42)

Combining (40), (41), and (42) gives us our result. H

Lemma 20 Let ¢ be the solution of Proposition 12, and suppose that ¢o > 0. Then
R € CY0,T) and

t t
RO] < [IROI+ 6ol 0 [ M) ds] exp [woh(o,n | Mat) ds}

forany 0 <t <T.
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Proof: Because ¢g > 0, we can use Proposition 18 to conclude that ¢ > 0. Then
Lemma 19 implies

t pl
R(t) = R(0) + / / Mé da ds.
0 Jo
Applying (H3), we see that

t
0

[R(t)| < \R(0)|+/ [M1(8)+M2(8)|R(S)I]/O ¢(x,s) dx ds.

Then because Proposition 18 implies [|¢(-,t)| 1, 0.1y < l[¢oll L, (0.1)> We find

RO < (1RO + Woolon | Mi66)ds] + [ 1ouly, 00 Mall G ds

and so Gronwall’s inequality [3, Thm. 2.1] gives us the result. B

6 The fixed point argument

To prove that the full nonlinear problem has a solution, we will rely on the compactness
properties of the set of solutions to the problem with fixed coefficients. In particular,
we will need the following.

Lemma2l Let 0 < o < &, let {¢,}32, C C([0,T); By) N C*([0,T); Ly), and

suppose that there is a constant C' so that, for all n

sup |[|@n(-,t)lp, <C (43)
0<t<T

and for every 0 < t; <ty < T and for alln
[¢n(t2) = Pn(t1)l L, < Clta —ta]™. (44)
Then there is a subsequence {¢n; }32, and a function ¢ € C*([0,T); L1) so that
16y (1) = 6], — 0
uniformly for t € [0,T).

Proof: Let 7 = {t;}72, be a dense subset of [0, 7"). We claim that, for each ¢;, there

is a function ¢(-,t;) € By — L1(0,1) and a sequence {n;(k)}72, so that
o {n;;11(k)}p2, is a subsequence of {n;(k)}7> , forall j =1,2,...; and
. ||¢nj(k-)('atj) — ¢(~,tj)HL1 < 2 % forall j and .

This follows by induction. Indeed, (43) implies that [|¢y, (-, 1) 5, < C for all n. Then
the compactness By <— L; implies that there is a function ¢(-,¢;) € By — L1(0,1)
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and a subsequence {ni(k)}72; so that ||¢,, (k)(- t1) — ¢(-,7§1)HL1 — 0; choosing
another subsequence if necessary, we can ensure

||¢n1(k)(at1) - ¢("t1)||L1 < 27
for all &.
Given ¢(-,t;) and {n;(k)}72 |, we again use (43) to see that Hgf)nj(k)(~, tj+1)HBl <

C for all k. Again the compactness B; — L, allows us to find a function ¢(-, ;1)
and a subsequence {n;1(k)};2, of {n;(k)}72, so that

[ 600 (o ti1) = Dty ||, < 9~k

for all k. This completes the induction.
Define n; = n;(j). Then for any k and for any j > k

(|6, () = B( te)]], <277 (45)

Indeed, because j > k, we know that {n,;(¢)}52, is a subsequence of {n(¢)}52,. Thus
there is some ¢ > j so that

n;(7) = ny ().
Then

“¢HJ(7tk) - ¢(’tk)HL1 = H¢7m(z)(7tk) - (b(.’tk)HLl < 27 < 2_j7

proving the claim.
Let s,t € 7. Then, for any ¢

[6C,8) = oC9)ll, < NdCs8) = dni (D),
Al on (58) = bns (5 8) i, + 1 Dni (5 8) = 0, 9)lI ., -

We can use (44) to estimate the middle term, then use (45) and the fact that s and ¢ are
fixed to pass to the limit in the first and last to find that

lo(,t) = o(8)ll, < Clt = s (46)

for all s,t € 7.

Now choose t ¢ 7. Let {r,}3>, C 7 with 7, — t. Then (46) implies that
{&(-, %) }32, is Cauchy in Lq (0, 1). Thus there exists a function ¢(-,t) € L1(0,1) so
that ¢(-,7;) — ¢(-,t) in L1(0,1). Then, passing to the limit in (46), we see that we
have defined a function ¢(-, t) for all ¢ so that

lo(t) = o(,8)ll, < Clt = s (47)

for all s and ¢.
Now we claim that ¢, (-, ) — ¢(-,t) in L1(0, 1), uniformly in ¢ € [0, T"). Indeed,
lete > 0. Let {s;}?_; be a finite set of elements of [0, T") so that for all t € [0,7") there

o 1 . . ‘
exists 4 so that [t — s;| < 3 (55) /* Because 7 is dense in [0,T), for each i there
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)1/a Set K = max{k(i)}_,. Then K depends

exists k(i) so that |ty —si| < 3 (55
0,T) there exists tj, € T so that [t — t| < (35 )l/a

only on € and C, and for any ¢ € |
with k < K.

Choose j > K so large that 277 < ¢/2. Lett € [0,7T), and choose ¢} as above.
Then

H(b(7 ¢n1 HL1 < H(b ) ( tk)HLl
[ oCote) = @n, Coti) ||, + [|0n, Cote) = n, G-

Then (44) and (47) allow us to estimate the first and the last terms, while we can use
(45) on the last to find

[60+8) = &, (5 D)[| ,, < 2008 = ta]* + 277
Our choices of t;, and j imply the result. Bl

Lemma 22 Let {¢,,}5; C C([0,T); By) N CY2([0,T); By), and suppose that there
is a constant C' so that, for alln

sup |[|¢n(-t)|lg, <C
0<t<T

and for every 0 < t1 <ty < T and for alln
pn (- t2) = dul-t1)llp, < Clta —ta]'/2.
Then there is a subsequence {¢n; }3<, and a function ¢ € C 1/2([0,T); By) so that
60, (. 8) = &, D) 5, — O
uniformly fort € [0,T).

Proof: This follows the same lines as the previous, with By in place of L;. B
For notational convenience, let I/ be the space

U=0C(0,7);L1(0,1)) x C[0,T) x C[0,T).
Consider the function
F:U—-U
defined by the rule o
g(d)? R07 Rl) = (¢7 R07 Rl)

where ¢ is the solution given by Proposition 12 and Ry and R; are defined by (38).
Existence will follow once we show that § has a fixed point.
To show that § is continuous, let {(gbk, Ry 05 Ry, 1)},C 1 C U and suppose that
(¢k:7 Ry0, Riep) — (6, Ro, R1) inU. Let §(¢, Rio, Rit) = (S, Reo0, Ri,1) and
(¢aR0,R1) (é?ROaRl)’
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Let

1
Ry, (t) = / (z — 3)or(z,t) dz + Rio(t) + Ria(t).
0
Then clearly Ry, (t) — R(t) where

1 ~ ~
R(t):/o (x — $)p(x,t) dz + Ro(t) + Ri(t).

Moreover, the convergence (qgk, Rk,o, Rk,l) — ((;3, Ry, Rl) in U implies that there
exists a single constant g so that |Ry|, | Ri| < 7o for all ¢.

Define
My, = M(x,t,Ri(t)) and M = M(x,t, R(t));
Vi = V(x,t,Ri(t)) and V =V (z,t, R(t)).
Now Y
My =M= |55 (@, 8, ARk () + (1 = N R(1)) | (Ri(t) — R(1))

for some 0 < A\ < 1. Thus (H2) implies that there is a constant C' = C(yp) so that
|M;, — M| < C|Ry(t) — R(t)].

Similarly, R R
Vi = VI < C|Rg(t) — R(t)]-
As a consequence, we know My, — M and V;, — V uniformly on [0, 1] x [0, T).

Let {k(n)}52, be any subsequence of N. Then |‘¢k(n)||L2(07T;B2) < Cllol 5,
where C depends only on ~yg. Similarly, for any 0 < ¢ < T" we have H(ﬁk(n) () H B, <
Cl¢ol| 5, and for any 0 < t; < to < T we have | Drony (- t2) — ¢k(n)("t1)”Bo <
Clty — t1]*/? l[¢oll 5, and | Dreny (- t2) — ¢k(n)('at1)||Ll < Clta — t1]*[|¢oll 5, for
any 0 < a < 1/2. Thus Lemmas 21 and 22 let us find a function ¢* € L2(0,T’; B2) N
CY2([0,T); Bo) N C([0,T); L1) and a subsequence {k'(n)}52; so that ¢y () — ¢*
weakly in Lo (0,7 Ba) and ¢pi(ny(-,t) — ¢*(-,t) strongly in By and in L;(0, 1)
uniformly in £.

Lemma 17 and the Ascoli-Arzela theorem imply that there is a function v* €
C([0,T); C*~1/7[0,1]) so that if

vi(z,t) :/0 (Vitor)z(z, 8) dz ds

then v,y — v* uniformly on [0, 1] x [0,7) modulo an additional subsequence
which we still call {k’(n)}22

n=1"
Because (¢p/(n))t = — (M (n) Ok (n))e + %(Vk’(n)gbk’(n))mm’ we can pass to the
limit as n — oo to find that ¢* satisfies ¢; = —(M¢*), + 2(V¢*)zq. Further,

¢*(,t) — ¢o ast | 0in By; this follows from the uniform convergence ¢ (,,) — ¢*
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in C/2([0,T); By) and the fact that ¢y () (-,t) — ¢o as t | 0in By for any fixed
k'(n). The uniqueness of Proposition 12 implies ¢* = ¢. Further, v () (7,1) =
fJ(Vk/(n)gbk/(n))x(x, s) ds, so passing to the limit we find that v*(z,t) = v(z, t).
Therefore we have shown that, for any subsequence {k(n)}22 ;, there exists a sub-
subsequence {k’(n)}o2; so that ¢pr(,y — ¢ in C*([0,T); L1) and v,y —
v inC8([0,T); C*~1/P[0,1]) forany 0 < < &, forany 1 < p < 2, and for any
0<p< % — %. Thus, we know the original sequence converges, and
¢ — ¢ inC%([0,T);Ly)
ve — v inCP([0,T);C*1/P[0,1])
Now
Ry o(t) = Ro(0) +vx(0,t)  Ro(t) = Ro(0) +(0,¢)
Ry 1(t) = R1(0) + (1, 1) Ri(t) = R1(0) + v(1,0)
so that (¢, Ry 0, Rk,1) — (¢, Ro, R1) inU; hence § : U — U is continuous.
Compactness of § is almost immediate. Indeed, if {¢x, Ry 0, Rk,1} C U is bounded
then Lemma 17 and Lemma 21 imply that the solutions {¢x, Ry 0, R 1} have a sub-
sequence that converges in U.
Finally, the set {(¢, Ro, R1) € U : (¢, Ry, R1) = 0§(¢, Ry, R1) for some 0 <
o < 1} is bounded in ¢. Indeed, suppose that (¢, R, R1) = 0§(¢, Ry, R1), and
define (¢*, R§, R}) = §(¢, Ro, R1). Then

¢*('T7 0) = ¢O~
But (¢, Ro, R1) = (06", 0 RS, 0 R}, so that
Pz, t) = —(M¢). + %(V@zm
¢(x,0) = o¢o.

Now Lemma 20 implies

t t
|R(t)] < [|R(O)| + ||¢0||L1(0,1)/0 Mi(s) ds} +/O ||¢0||L1(o,1)M2(5)|R(5)| ds
(48)
hence there is a constant v depending only on 7" and initial data so that |R(¢)| < ~.
Thus the v that appears in Proposition 12 and in subsequent results can be bounded by
the right side of (48) in terms of 7" and the initial data, which proves the claim.
Existence then follows from Schaefer’s fixed point theorem [7, §9.2, Theorem 4].
|

7 Uniqueness and Stability

Now we shall prove Theorem 2. For notational simplicity, let ¢(z,t) = é(z,t) —
¢*(x,t); define M, V, and R similarly. For any (z,t) we have

M = M(z,t, R(t)) — M(z,t, R*(t))
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so that

oM * >
S (B EARE) + (1= VR (0)| |R(1)]

for some 0 < A\ < 1. Because B; — L;(0, 1), we see that R, R* € C[0, T}, so there is
a single bounded interval [a, b] so that AR(t) + (1 — A)R*(t) € [a,b] forall 0 < A <1
and all 0 < ¢ < T Thus, there exists a constant C' depending only on ||, R*|| oo 13
so that

|M| <

[M| < CIR(t)]

for all z.
Using the representations of R and R*, we find that

t 1
i (2,8)| < C / (Mo — M*¢*) dz ds| + C|R(0)|
0 0

st
< C’/ / (I5L6| + [M*3)) d ds + C|R(0)].
o Jo
From here, we can apply Gronwall’s inequality. Indeed, if

p(t) = sup |M|
0<z<1

then

t 1 t 1
u(t)SC/O u(s)/o |¢<y,s>|dyds+0/0/0 IM*6| dy ds + CIR(0)).

Thus the integral form of Gronwall’s inequality [3, Thm 2.1] implies

{ //|M¢|d:cds+C|R }exp{ //|¢y7 |dyd8}

and so letting C' depend on |¢|| ([ 77, 5,) and 7', we find
| M (z,t)] < C/ / |M*¢| dz ds + C|R(0)]. (49)
0 Jo
Now |R(t)| < |R(t) — R(0) — R*(t) + R*(0)| + |R(0)| and hence

|<// |M¢|dyds+// (M 3| dy ds + | R(0)|

so that (49) implies
t 1
|R(t)|§0// M| da ds + C|R(0)|
< C/ / z(1 — x)|¢| dx ds + C|R(0)|.
0 Jo

33



where C' depends on || R§, Rl cojo 77 and |9% (| (10 7.5, )
By subtraction, we see that

ét = _(M*é)w + %(V*Qg)m - <M¢>1 + %<V¢)I"’”

Because ¢ € Ly(0,T; Bs), we know that é: € Lo(0,T; By) (Corollary 12) and so
taking the inner product with ¢ in By we find for every 0 < ¢ < T that

;/01 (1 - 2)¢” da| + // V*)alz(1 — 2)d], dz ds
:3/ 2(1 - >¢0daz+/ / M*3la(1 — )4, de ds
/ / Mo|z(1 — z)é dxds—f/ / (V§)ulz(1 — 7)), dv ds.
Young’s inequality then implies
/le(l—x)(bz dx‘t—l—/ot/ol[x(l—x)(b]i da ds
<C/le(l—a:)d_%daH—C’/ot/le(l—m)¢_52d:rds

+ C’A /0 {ma(1 — z)¢)* + (v2(1 — 2)9)2} dx ds.

To estimate the last term, we first note that

| < ’gR(x EAR() + (l—A)R*(t))’ IR < CIR).
Similarly,
ov 0?v
< <
0] 4 || C{ 3R *‘aRa }R| CIR|.

Thus, if we use (50) we find

/le(lx)gz_SQ dx +/t/1[x(1x)<;—5]i dx ds

<c/ 1—x¢0dx+0// (1— )32 da ds
+c{// 1—x¢|dyds+C|R()|}

' A . {50(1 —2)¢* + [2(1 — 2)¢]2} dv ds
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and thus

t+/0t/01[x(1 — 2)p)? dx ds

1 t 1
gc/o x(l—x)égdx+0|}_2(0)|2+0/o /O 2(1 — 2)3? da ds.

1
/ (1 — x)¢? dx
0

Applying Gronwall’s inequality, we find

/01 x(1 — x)p? dx‘t < CeCt (/01 (1 —2)dg do + |R(0)|2) _

Thus the definition of R(t) and the embedding By — L4 (0, 1) imply

sup /01x<1—x><¢—¢*>2dx]t

0<t<T
T 1
+/0 / (1 — 2)(6 — 67)]2 dr
0
+ C|Ro(0) — By (0) — Rj(0) + R;(0)[2.

<C / (1 — ) (o — 6) da + / (1 — 2)(go — &5)]2

This then gives us conclusion 1 of Theorem 2. To prove conclusion 2, note that the
uniqueness implied by conclusion 1 implies that ¢» and ¢* must satisfy the estimates of
Theorem 1. In particular, all of the quantities on which C depends have been estimated
in terms of initial data.

8 Asymptotic Behavior

Now we restrict our attention to the specific choices for M and V made in (5) and (6),
namely (after rescalings; see also [16])

V=x(1-x), (51a)
M = kz(l —z)(p — R(t)). (51b)

Here k represents selection strength and p is the optimal trait mean.
There are two important biological questions in the limit ¢ — oo,

e What is the behavior of the trait mean R(t) as t — 00?

e What is the behavior of the total genetic variance S?(t) as t — co? Here
1
S2(t) = (61 1). g, = | all = )o(a,1) .
0
We begin with the following relationship between S? and R.
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Proposition 23 Let ¢ be the solution of Theorem 1, under the assumptions (51), and
let Ry = R(0) = Ro(0) + R1(0) + [, (x — 1/2)¢o(x) dz. Then

t ol
R(t)—p=(Ro—p) exp/ / —kx(l —x)p(x,7)dx dr
0 Jo
¢
=(Ro—p) exp/ —rk S?(7) dr.
0
Proof: From Theorem 1 and (51), forany 0 < ¢; < t; < T
ta 1
R(t2) - R(t1) :/ / M da dt
t1 0
ta 1
:/ /@(pr)/ (1 —z)¢ dzx dt.

t1 0

(52)

Now ¢ € C([0,T); By) sot — fol x(1 — z)p(x,t) dx is continuous; indeed

/O 2(1 - 2)[d(x, t2) — Bz, )] do

< (/01 (1 —2) dxf (/01 (1 —2)[p(x, t2) — P(x,t1)]? dxf

1 1
< 5 19C+82) = 6 t)llg, < 5 19+t2) = 6t g,

Dividing (52) by to — t; and letting to — t1, we find that

R(t)=r(p—R) /0 2(1 — 2)o(a, 1) da

forall 0 < ¢t < T. This gives us the linear equation for (R — p)

1
(R=p) +n(R=p) [ 21~ 2)o(a.t)ds =0
0
which is equivalent to

CZ{(R—p)eXp/Ot/Olfm(l—x)¢(x,r) dxdr} =0

and has solution

R(t)—p=(Ro—p) exp/o /0 —kz(l —x)p(z, ) dx dr.

u
Now we turn our attention to the total genetic variance.
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Proposition 24 Let ¢ be the solution of Theorem I under the assumptions (51). Then

/Ooo /01 2(1— 2)¢(x,t) dz dt < co.

Remark: This is a weak way of saying that S?(t) — 0 as t — oc.

Remark: Although Theorem 1 only guarantees the existence of a solution on [0, T')
for finite T' < oo, the fact that 7" is arbitrary and that solutions are unique 2 lets us
define ¢(x,t) forall 0 < ¢ < oco.

Proof: Let 0 < T < oo be arbitary; then the equation implies

ot = _(M¢)w + %(qu)crx
in L2(0,T; By). Then, taking the inner product with 1 in By and using the particular
forms for M and V from (51), we find
1 1
/ (1 —2)¢ de = f/ (1 —z)[kx(l —z)(p— R)P|, dx
0 0

% /0 2(1 - 2)[z(1 - 2) sy da

in Ly(0,T). Because C°[0, 1] is dense in Bs, we can integrate by parts to see that

1 1
5 | o= a)le =)ol do = =5 [ (o1~ 2)llo1 )6l da

and because (1 — z)¢(-,t) € By — W1(0,1) we have

% /O1 2(1 = 2)[2(1 — 2)8ls do = % /Ol[x(l (1 — 2)é da.
Similarly
-/ 21— @)l 21— 2)(p— R)6), d
— h(p—R) /01 2(1 - 2)z(1 - 2)¢a do
— k(R-p) /01(295 ~ el - 2) da.
Thus

d I 1
%/0 x(l—x)gf)dx:m(R—p)/o 2z —1Dz(l —z)pdr

- /leu )6 da.
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We can now substitute for R — p using Proposition 23 to find

1

1
o ; a;(lfg;)qux:f/O z(1—2z)¢p dx

+ w(Ro — p) {eXp /Ot /01 —k2(l - )z, 7) da dT}
- /01(21; ~De(l - 2)p da

as elements of L2(0,7"). However, the continuity ¢ € C([0,T); By) implies that the
right side and hence the left side are continuous; thus it holds for all time 0 < ¢ < oco.

Let 0 < § < 1 be chosen arbitrarily. Because ¢ > 0 and because « > 0, we know
that the function

t o1
t— exp/O /0 —kz(l —x)p(z,7)de dr

is monotone non-increasing. Then, either for every ¢ we have

t el
K|Ro — p {exp/o /0 —kx(l —x)d(x,T) dx dT} >0

or there exists some 7'(d) so that

t 1
K|Ro — p {exp/o /0 —rkx(l —x)p(z,7) dx dT} <4

forallt > T(9).
If the first case obtains, then

t 1 Kl R —
/0 /0 (1 —2)p(x,7) de dr < %ln (U%(SM)

for all ¢, which would prove our result.
On the other hand, in the second case, we have

1 1 1
4 x(lfx)d)d:cgf/ (1 —x)pdr+ 0 / 2z — Daz(l —xz)p dx
dt Jo 0 0
for all t > T(5). Then, because ¢ > 0,
d 1

) x(l—x)¢dm§—(1—5)/0 z(1 —z)¢ dz.

Solving the differential inequality implies

/01 (1 —x)p(z,t) dx < </01 (1 —z)p(z, T(5)) dx) )

for all t > T'(4). Because ¢ € C([0,T(d) + 1), By), this is sufficient to imply our
result. W
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Corollary 25 Let ¢ be the solution of Theorem 1 under the assumptions (51). Suppose
that there is a constant 0 < § < 1 so that

|Ro — p| < 6/k.

Then, for anyt > 0

/01 z(1—z)p(x,t) do < </01 2(1 — x)do(7) d:z:> o—(1-8)t

Proof: Because ¢ > 0, our hypotheses are sufficient to guarantee that the second
case of the previous proof obtains, with 7'(§) = 0. i

Corollary 26 Let ¢ be the solution of Theorem 1 under the assumptions (51). Suppose
that there is a constant 0 < 6§ < 1 so that

|Ro — p| < 0/k.

Then, foranyt > 0
[R(t) = pl

> |Ro — p|exp {155 </01 2(1 — 2)¢o (@) dm) (e*<1*5>t - 1)} .

Proof: From Proposition 23

R(t) - p = (Ro — p) exp [/Ot /01 —k2(1 - 2)o(x, 7) da dT] .
Then, because
[ ot aoe0ar < ([0 Do) ) o5
we have
R(t) — p| > [Ro — p|exp [—n (/01 (1 2)o(x) dm) /Ot (-0}t dT} .

Evaluating the inner integral gives us the result. Bl
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